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PFAFFIAN OF LAURICELLA’S HYPERGEOMETRIC SYSTEM F 4 

KEIJI MATSUMOTO 

Abstract. We give a Pfaffian system of differential equations annihilating Lauricella’s hyper¬ 
geometric series TAffi, 6, c;a;) of m- variables. This system is integrable of rank 2 m . To express 
the connection form of this system, we make use of the intersection form of twisted cohomology 
groups with respect to integrals representing solutions of this system. 


1. Introduction 


Lauricella’s hypergeometric series Fa (a, b , c; x ) of m -variables x = (ay,..., x m ) with param¬ 
eters a, b = b rn ) and c = (ci,..., c m ) is defined as 


F ( a b c . x) V 

UZA^) 


n 


X, 


ni 


where N = {0,1, 2,... }, n = (rai,..., n m ), c 1 ,..., c m £ -N = {0, -1, -2,..., and (q, m) = 
Ci(ci + 1) • • • (cj+rij —1) = r(ci + rii)/r(ci). It is known that Lanricella’s hypergeometric system 
of differential equations annihilating Fa (a, b, c; x) is integrable of rank 2 m with the singular locus 


{x e C m | JJ (1 -v t x) = o}, 

i= 1 WGZJ 1 

where v = (ui,... ,v m ) and z\ £ Z 2 = {0,1} C N. In this paper, we give a Pfaffian system of 
Lauricella’s hypergeometric system Fa of differential equations under the non-integral condi¬ 
tions (2.2) for linear combinations of parameters a, b and c. The connection form of the Pfaffian 
system is expressed in terms of logarithmic 1-forms of defining equations of the singular locus, 
see Corollary 4.3. When the number of variables is two, this system is called Appell’s F 2 , of 
which Pfaffian system is studied by several authors; refer to [3] and the references therein. 

To express the connection form of this system, we study linear transformations TZ l 0 and 1Z V 
representing local behaviors of the connection form around the components S l 0 = {x £ C m | 
Xi = 0} and S v — {x £ C m | 1 — v *x = 0} of the singular locus. They can be regarded as 
linear transformations of the twisted cohomology groups with respect to integrals representing 
solutions of this system. We show that they have two eigenvalues for generic parameters. It is 
a key property for characterizing TZq and 7Z V that eigenspaces of each of them are orthogonal to 
each other with respect to the intersection form of the twisted cohomology groups. By using the 
intersection form, we express TV 0 and 7 Z v without choosing a basis of the twisted cohomology 
group, see Lemma 4.4 and Theorem 4.1. Their matrix representations in Corollary 4.2 imply 
the Pfaffian system of Lauricella’s Fa- 
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The monodromy representation of this system is studied in [7]. Its circuit transformations 
are expressed in terms of the intersection form of twisted homology groups, which are dual to 
the twisted cohomology groups. 

Refer to [6] for the study of a Pfafhan and the monodromy representation of Lauricella’s 
system F D in terms of the intersection form of twisted (co)homology groups. 


2. Lauricella’s Fa-system of hypergeometric differential equations 


In this section, we collect some facts about Lauricella’s hypergeometric system Fa of differ¬ 
ential equations, for which we refer to [1], [4], [7] and [8]. Lauricella’s hypergeometric series 
F A (a,b, c; x) converges in the domain 


m 

© = G C n |^|xi| < l} 

i =1 


and admits the integral representation 

n<n) 


( 2 . 1 ) 


[n 


r(bi)r(a-bi) 

where dT = dt± A • • • A d,t m , 


f , , b dT 

/ u(a, b, c; x, t)- -—, 

' (0,l) m F • • • z m 


u 


m 

(x,t) = u(a,b,c;x,t) = l-L) Ci ^ i_1 (1-E ™ =1 Xiti)~ a t 

i =1 


and parameters b and c satisfy Re(cj) > Re(6j) >0 (i — 1,..., m). 

Differential operators 

Xi(l—Xi)d%—Xi ^ Xjdidj + [ci — (a+bi+l)xi]di — bi ^ Xjdj — abi 

l<j<m l<ji<m 

d 

for i = 1 annihilate the series Fa (a, b, c,x), where d l = — —. We define Lauricella’s 

OXi 

hypergeometric system Fa (a, 6, c) by differential equations corresponding to these operators. 

We define the local solution space Sol{U) of the system Fa (a, b, c ) on a domain U in C m by 
the C-vector space 


(F(x) G 0(U) | P(x, d ) • F(x) = 0 for any P(x, d) G Fa(o, b, c)}, 

where 0(11) is the C-algebra of single valued holomorphic functions on U. The rank of Fa (a, b, c ) 

is defined by sup dim(S'o/(F)). It is known that the rank of F 4 (a, 6, c) is 2 m and 2 m functions 
u 

Fa (a, b, c; x) and djFA(a, b, c; x) are linearly independent, where / = {W ..., i r } runs over the 
non-empty subsets of {1,..., m } and dj — d n ■ ■ ■ d lr . 

If the rank of FA(a,b,c ) is greater than dim (Sol(U x )) for any neighborhood U x of x G C m 
then x is called a singular point of F A (a, b, c ). The singular locus of Fa (a, b, c ) is defined as the 
set of such points. It is also shown in [7] that the singular locus is 

m 

(U DILIF)- 

v€l^ i =1 
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where 

S v = {X G C m | V f X = Y;7=l V i X i = !}i V e ^2 1 
S l 0 = {x G C m | Xi — 0}, i — 1,..., m, 

and we regard as the empty set. We set 

m 

X = €">-[( U S w ) U (U S o) • 

vezp i=i 

m m 

s = (P'r-A'=(U SPU(U S o)U(U S t). 

i= 1 i =1 

where S ^ = {x G (IP 1 )” 1 | Xi = oo}. 

We define a partial order and a total order on Z™. 

Definition 2.1. For v = ( 17 ,..., v m ),w = (w i,..., w m ) G Z™, 

(i) v >z w if and only if Wi = 1 =>■ Vi = 1 . 

(ii) v y w if and only if v y w and u/w. 

(m) v > w if and only if v ^ w and they satisfy one of 

( 1 ) |u| > |w|, 

( 2 ) |u| = |w| and < Wi, where i is the minimum index satisfying ig ^ Wi. 

It is easy to see that 

v y w v > w, 

(0,..., 0) -< e, -< ei + ej -< e* + ej + e*, -< • • • -< ( 1 ,..., 1 ), 

(0,..., 0) < ei < e 2 < • • • < e m < ei + e 2 < ei + e 3 < • • • < ( 1 ,..., 1 ), 

where e, is the i-th unit row vector, and i,j, k are mutually different. Note that the cardinality 

of the set {w G Z™ | v P; w} for a fixed v G Z™ is 2^, where 

m 

M = Z) Ui - 

i= 1 

By the bijection 

Z™ 9 r K /„ = {* G {1,..., m} \ Vi = 1} G 2 {1 ’"’ m} 

between Z™ and the power set 2^ 1, - ,m ^ of { 1 ,..., m}, the partial order y on Z™ corresponds 
to the partial order D on 2^ 1, '" ,m \ 

We set 

(A),l; fdo,m) (Aj • • • h bm) i 

( /fi.l) • • - ; ,m) (hi 1 ^1) • • • i Cm 1 b m ), 

7 „ = a — v *c + |u| (v G Z’ 2 n ). 

We regard theses parameters as indeterminates. Throughout this paper, we assume that 

( 2 . 2 ) A),j, A,», lv £ z 

for any i G {1,..., m} and v G Z™, when we assign complex values to them. 
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3. Twisted cohomology group 


In this section, we regard vector spaces as defined over the rational function field C(a) = 
C (a, bi,..., b m , Ci,, c m ) when we do not specify a field. We denote the vector space of rational 
k- forms on C m with poles only along S by f2x(*S)- Note that 12 A (*,!?) admits the structure of 
an algebra over C(a). We set 

m m 

x = {(i,x)erxl|(i- J]^)J]t i (i-^)^o}c(P 1 ) 2m , 

i —1 i =1 

s = (P 1 ) 2 ™-^. 

We define projections 

pr T : X 3 (t, x) ha t E C m , pr A - : A" 3(t,i)4x£ X. 

Note that 

m m 

pr T (pr~ 1 (a;)) = {t e C m | (1 - ^ tjXj) - U) ± 0} = C™ 

i=l i —1 

for any fixed x G X. 

Let be the vector space of rational /e-forms on A" with poles only along S and f2~. q (*S) 

be the subspace of consisting elements which are p-forms with respect to the variables 

JC 

1 1, - - - , tin- 

We set 

Ut — 

U>x = 

u = 

We define a twisted exterior derivation on X by 

Xt = d'T T 




i —1 
m 


J2 u xdxi e f2°/(*S), 


^Xi — 


ti ti — 1 1 — t t x' 

ati 


i= 1 


1 — t t x 


l ) 


U>T + Wx £ 


where dx is the exterior derivation with respect to the variable t, i.e., 

m rj r 

drf(t, x) = -Erfa x ) dt i■ 


i =1 


We define an i? A -(*S’)-modulc by 

n m (x T ) = ^~ fi (*s)/x T ^~~ lfi (*s)). 

It admits the structure of a vector bundle over X. We define two sets {< Pv} v& z™ and {i^ v } v 


of 2 m elements of f2^’°(*S) as 

sC 


(3.1) 


<Pv = 


dT (1 — v t x)dT 

, Wv = 


nr=i (u-v; 


(i -1 t x) n (u - 

Ki<m 


where v = (v\,... ,v m ) £ Z!J 1 . To express i/j v as a linear combination of <p„’s, we give some 
Lemmas. 
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Lemma 3.1. We have 


XjdT 


i t rn 

1 — v x \ 

^ v = ~ TTZVv = Pv + 2_^ — ~ t /. \' 

i=i l 1 - 1 x ) 


1 — t t x 


Proof. A straightforward calculation implies this lemma. 
Lemma 3.2. We have 


□ 


aXjdT 


Po,jPv Pi ,jP<Tj'V if Vj o, 

(1 - t f x) Yl'SiKm it'i ~ V i) 1 ~Po,jPa r v ~ Pl,jPv tf Vj = 1, 
as elements o/'H m (Vr), where 

<7j : Z™ ( 7j ■ v G Z™, <jj ■ v = v + ej mod 2. 

Proof. Put 


= (-1 y 


for 1 < j < m and v G Z™. Since 


_ 1 dti A • • • A dtj -1 A dtj + 1 A • • • A dt m ^ ^m-1,0 


FI - «i) 


g Vf uv {*S) 


d 


dti A (g^Pl) = 0 (1 < * < m), 
dp A (cv Ti pl) = 0 (1 < i < m, i ± j), 


we have 


Vt(pI) = w>Tj dtj A Cp{ 


Po jdT 


+ 


Pi,jdT 


+ 


aXjdT 


tj ii ( pi~ v i) fa- 1 ) n ifi-Vi) (1 -t t x) n (ti-Vi) 

1 <i<m 1 <i<m 1 <i<m 

If Vj = 0 then the first and second terms of the last line are Pojp v and Pij(p aj . v , respectively; if 
Vj = 1 then they are Po,jPa j V an d Pi,jPv Note that Vt(p{) = 0 as an element of PL m (y T ). □ 


Proposition 3.1. For any v G Z™', the form 

ap v = a- - jj~Pv e 

is equal to 

m m 

a _ ^ y Pvj ,j PV ^ ^ Pl-Vj,jP<Jj-V 
3 =1 3 = 1 

as an element o/'H m (Vr)■ 

Proof. Rewrite the right hand side of the identity in Lemma 3.1 by Lemma 3.2. Then we have 

Vj= 0 Vj = l 

(L'Pv CUPv ^ ^ ( Po,jPv T PljPrrj-v) ^ ^ ( Po,jP(Tj-v + Pl,jPi ;)• 


l<j <m 


l<j<m 


Note that 


Vj=0 


V-j = l 


PojPv+ fojvv = 2X 


J I ^Pvi 


l<j<m 


l<j<m 


j=l 



6 


KEIJI MATSUMOTO 


and that 


for 1 < j < m. 




PljVayv if Vj = 0, 
PojVaj-v if Vj = 1, 


□ 


We consider the structure of the hber of "H m (Vr) at x. Let be the pull-back of 

under the map i x : C™ —> X for a hxed x G A". Each hber of / H m (V T ) at x is 
isomorphic to the rational twisted cohomology group 

H m (f2crn(*x),V T ) = ^(*®)/V(/2gr 1 (*a;)) 

on C™ with respect to Vr induced from the map i x . We denote the pull-back of (p v under the 

map i x by tp XjV . 

Fact 3.1 ([1]). (i) The space Vr) is 2 m -dimensional and it is spanned by the 

classes of ip x>v for any v G Z™. 

(ii) There is a canonical isomorphism j x from Vr) to 

«”K(*),Vr) = ker(V t : CW -► C+'MVVrtfr'M). 
where £f(x) is the vector space of smooth k-forms with compact support in C™. 


By Fact 3.1, we have the following. 


Proposition 3.2. The f2x(*S)-module TL rn {fX T ) is of rank 2 m . The classes of <p v (v G Z™) in 
form a frame of the vector bundle over X. 


Set 




where = dr — ojtA. This i?^(*S')-modulc can be regarded as vector bundles over X. The 
classes of tp v (v G Z™) also form a frame of this vector bundle. Each hber of "H m (V v ) at x is the 
rational twisted cohomology group H m (f}*m(*x), Xf) on C™' dehned by the coboundary Xf in¬ 
stead of Vr- We dehne the intersection form between Vr) and H m (f2^. m (*x), X'f) 

by 

ATx, <P x ) = [ ]x(<Px) A (f' x e C(a), 


where (p x ,(f x G i?ch(*:c), and j x is given in Fact 3.1. This integral converges since j x (<p x ) is a 
smooth m-from on C™ with compact support. It is bilinear over C(a). 

For w = (wi,..., w m ) G Z™ with |w| = r, we have a sequence of w^ r \ ..., G Z™ 

such that = j and 


w = y w ^ ^ >- y ■ ■ ■ y y (0,..., 0). 

Let & w be the set of such sequences (w, w^ r ~ l \ ..., w^) for given w G Z™. 
cardinality is r!. We put 


A 


W 


E 

(w,w( r 1 \...,w( 1 ))€(5 w 


1 

n^l Tty0‘) 


Note that its 
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For example, 

Am) = 
Am, 1 ) = 


l/l l 

x f-+ 


x 


7 (i,i) ^7(i,o) 7(o,i) ' a - c, - c 2 + 2 Va-ci + 1 a-c 2 + l/ 


1 1 
+ 


1 1 
-+- 


H- 

7(i,i.i)7(i,i,o) v 7(i,o,o) 7(o,i,o ) J 7(i,i,i)7(i,o,i) v 7(i,o,o) 7(o,o,i) 


1 1 
-+- 


+ 


1 1 
-+- 


7(i,i.i)7(o,i.i) v 7(o,i,o) 7(o,o, i) 


x 


1 


+ 


CL — Ci — C 2 — C3 + 3 \-CL — C\ — c 2 + 2 cl — CL — c 2 + l 

1,1 1 1,1 
+ 


+ 


a — C\ — c ^-\-2 a —Ci + 1 a —C3 H - 1 a — c 2 — C3 —|— 2 a —C2 H - 1 a — C3 H - 1 

Proposition 3.3. We have 

r 

Wi=0 


^Px,v ') (27rV 1) 


s Aw n 
1 


S(v i,v') 


Pv u 

, if v = v', 


Z(Vx,v^ x y) = (27ri/—I) m \ n # 

0, otherwise, 


= (27T\/—l) m < 


a — Yi(3 v 
all/3 v ’ 

-1 


if v = vf 
if#(vDv') = m-l, 


a IL <i<mPvi,i 

0, otherwise, 

where v = (i>i,..., v m ), v = (v[,..., v' m ) G Z™ 7 5 denotes Kronecker’s symbol, 




i= 1 


i= 1 


and we regard 


Wi =o 

n 

l<i<m 




= 1 


(2ttV^I )’ 


1.{ip X vi yx,v ,S )v,v' 


for w — (1,..., 1). The matrix 

C = 

satisfies 

om 

Cl 

det(C) = (n„ 6Z? 7„)(nr.i(AA.) 2 “-r 

where we array v,v' G Z™ by the total order in Definition 2.1. When we assign the parameters 
to complex values under the assumption (2.2), each intersection number is well-defined and 
det(C') 0; the matrix C is invertible. 
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Proof. By using results in [5], we can evaluate the intersection numbers. It is easy to see that 

1 \ 1 


det — Y^ m ~^^ x ’ rn '^’ x ’ v '^ v ’ v ' £ ' Z ™ 

By following the method in Appendix of [7], we have 

1 


det 


(2vr^T)’ 


-Eflfa;,vi f/fr 


Ei(Mw) 2 " 


Tlwezz 1 7 ™ 

« 2m ni=i(^A,) 2 ” 


These imply the value of det(C). 


□ 


By this fact, we can regard the intersection form X as that between "H m (Vr) and 
It is bilinear over and the intersection matrix C is defined by the frame {( p v }vez m ■ Let 

^c(o)(Vt) (resp. ^^(^(Vt)) be the linear span of ip v (v E Z™) over the held C(a) contained 
in 7f m (V T ) (resp. K m (Vf)). We have 

e ^ch(Vt) 

for any v E Z’ 2 n by Proposition 3.1. 


4. Connection 


We introduce operators 

V fc = d k + atk . , (k = 1,..., m), 

1 — t t x 

then we have 

(4.1) d k I u(t,x)<p= f u(t,x)(V k <p)t 

«/reg(0,l) m J reg(0,l) m 

where reg(0, l) m is the regularization of the domain (0, l) m of integration defined in [1]. Thanks 
to the regularization, the integral converges whenever we assign complex values to parameters 
under the condition ( 2 . 2 ), and the order of the integration and the operator d k can be changed. 
We set 

m 

V.y = dxi A Vj = dx + WxA, 

i =1 

where dx is the exterior derivation with respect to x: 

m 

dxf = f E tf£(*S). 

i =1 

It is easy to that 

(4.2) V 7 1 ° Vx + Vx ° Vy = 0. 

We set 

U m '\V T ) = /2p 1 (*5)/Vr(/2^" 1 ’ 1 (*5)), 

r^v^) = 

Proposition 4.1. There is a natural map Vx '■ 'H'” (Vt) —> ^"‘^(V-r) induced from the deriva¬ 
tion Vj. 
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Proof. We have only to show that if ip E Vt(UU 1 , °(*>S')) then 

V x WeV T (fif lll (*5)). 

For any ip G Vt(U'L _1 ’°(*,S')), there exists / G I2T~ 1,0 (*S) such that Vt(/) = ip- By (4.2), we 

X X 

have 

VxW) = V x o V T (/) = -V r o V.y(/) = V T (-V X (/)), 
which belongs to Vt(^~ _1 ,1 (**S'))- □ 

By this proposition, we can regard the map V.y as a connection of the vector bundle / H 1ti (Vt) 
over X. It is characterized as follows. 


Proposition 4.2. Let v = (vi,... ,v m ) be an element of Z™. If Vk = 0 then 


^ki.Pv') ^ ( @0,kPv fil,kp > <Tk-v') i 

Xk 


if Vk = 1 then 


1 1 

V kijpv) ( fio,kPcrk-v fl.kPv) 4“ 


Xk . ' 1 — v '.r 


/^l —Vj ,j P< Tj-l 

3 =1 j=l 


Proof. Since <9^ • (p v — 0, we have 


^ ki^Pv') ^k ‘ Pv 


atk 


dT 


l-t*x fW 

11 [ti - Vi 
i =1 


If Vj = 0 then 


V k (p v ) = — 

x k 


ax x dT 


i^k 

(i -t t x) n {u - v i ) 

l<i<m 


Po ,k^Pv Pljk^Pcrk-t 

X k 


by Lemma 3.2. If Vi — 1 then 

a(4 — 1) + a dT 


V k iPv ) 


a dT 


+ 


a dT 


1 _ f tq> 171 i^k 

mu-*) (i n (<i-“*«*) (! - n iu - «*) 

~ fio,kP a^-v fil,kPv ^ &1pv 


Xk 1 — V t X 

by Lemma 3.2. Rewrite the last term by Proposition 3.1. 
Corollary 4.1. For any v = (vi, ..., v m ) G Z™, we have 

Vi = 1 Vi = i 

( IT X Xi^j ■ </?(0,...,0) = ^ ^ ( @Wi,i 

1 <i<m w^<v 1 <i<m 

Proof. Use the induction on |v| and Proposition 4.2. 


□ 


Pv 


□ 
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We give some examples: 

(ziVi) • 97(0,0,0) 
(a:ia; 2 ViV 2 ) • ty?(o,o,o) 
(xia^V^Vs) • P(o,o,o) 


—A),lX(0,0,0) — Pi, W(l,0,0)) 

A),lA),2^(0,0,0) + A,lA,2^(1,0,0) + A,lA,2X(0,l,0) + A,lAl,2X(l,l,0)j 

—A,lA, 2 A>, 3 <^( 0 , 0 , 0 ) — /^l.l/Jo^/^o^V^il.O.O) 

— — A),iA),2Al,3<£(0,0,1) 

—/5l,l/?i,2/3o,3^(l,l,0) — Pl,lPo, 2 Pl, 3 <P(l, 0 ,l) 

—Po,lPl,2Pl,3P(0,l,l) — /5l,l/5l,2/3l,3^(l,l,l) - 


To express Vx restricted to T-Lq ( q )(Vt) by the intersection form X, we give some lemmas and 
a proposition. 

Lemma 4.1. Let p be an element of 'H™r a ' ) (V t) and p' be that of LI™, a \(Vf)- Then we have 

Tiy,.p, p') + i(<p , vf(p') = o, 

where 1 < % < m and V, v = A- l ——. 

~ ~ 1 1 -t*x 


Proof. It is clear by Proposition 3.3 that 

d\X{p, ip') = 0 

for 1 < i < m. For any compact set K in C™, we have 
di [ p A <p' = [ d\p A p' + [ p A d\p' 


' K 


IK 


IK 


= f di(u(t,x)-p) A f + f u(t,x ) -p Add /f ) = [ (Vip)Ap'+ [ pAiyfp'). 
Jk u(t,x) J K \u[t,x)J J K J k 

We can show that the commutativity of ] x and V/ by following results in [6]. These imply this 
lemma. □ 


We define maps 

TZk '■ ^™(Vt) 9 P | —> Res(Vx(x)) £ 

Xk=0 

TLk,v '■ ^ m (Vr) 9 p !->■ Res (Vx(x)) £ ^™(Vr), 

where Res (77) and Res (77) are the residues of 77 G i?T ,1 (*S') with respect to the variable 

Xfc —0 Xk —*S , ’i;PlZ/^. 

Xk at 0 and at the intersection point S v D Lk of S v and the line Lk in X fixing the variables 

. . . 5 Xk— 1 , X/c-j-i, • • • ? 

Proposition 4.3 (Orthogonal Principle). (i) For p £ LL™ t L)(Vt) and p' £ %c( a )(V v )> ire 
have 

T{Ttk(p),p') + T{p,nl(p')) = 0 , i(n k , v (p),p') pT{p,nl v (p')) = o, 

where TZf and IZf v are naturally defined by V f = YJhLi dx-iXf and the residue. 

(ii) Let p and p' be eigenvectors of Xk and Xf. (resp. Xk, v and Xf v ) with eigenvalues p 
and p', respectively. If p + p' A 0 then T(p, p') = 0. 
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Proof, (i) We have only to see coefficients of l/x k and 1/(1 — v l x) of the identity in Lemma 
4.1. 

(ii) Note that 

AK k ((p),(p') +x((p,nl((f/)) =z(mp,ip')+z(ip,n'w') = (// + fj!)z(<p,<p r ). 

By (i), we have (/i + n')Z(ip, ip f ) = 0. □ 

Lemma 4.2. (i) Suppose that c k ^ 1 when we assign a complex value to it. The eigenvalues 

of the map TZ k are 0 and — /3 0 ,k ~ Pi,k = 1 — c k The eigenspace W k of the map lZ k with 
eigenvalue 0 is 2 m_1 -dimensional and expressed as 

W k = {(p v - (p ak . v | v e Z™(o fc )>, 

which is the linear span of ip v — Lp ak . v for elements v in 

Z™(0 k ) = {v = (ui, ..., v m ) E Z™ | v k = 0}. 

The eigenspace of the map lZ k with eigenvalue 1 — c k is 2 m ~ 1 -dimensional and 
W k = {Po tk (p v + fi\,kTo k -v | v £ Z?(0 fc )>. 

(ii) Suppose that Y,/3 V - a/ 0 for a given v E Z™ when we assign complex values to them. 
The eigenvalues of the map TZ k , v are E/?„ — a and 0 . The eigenspace W v of the map TZ k , v 
with eigenvalue E/5„ — a is spanned by ijj v , and that with eigenvalue 0 is its orthogonal 
complement 

K = 6 K“(„)(Vt) I Z(vmM = 0 }, 

which is spanned by (p w for w ^ v. 

Proof, (i) Let v be an element of Z™ (()*,). Proposition 4.2 implies that 

Z^-kfdPv Ta k -v) ( Po,kTv P\ .kTa k -v ) ( Po,kT a k -(a k -v) Pi ,kTa k -v) 0) 

1^k\P0,kTv 4“ Pl,kTcr k -v) Po,k\ Po,kTv Pl,kTcr k -v) “P Pi J fc( Po,kTcr k -(cr k -v) Pi,kTcr k -v) 

( Po,k Pl,k)[Po,kTv "P Pl,kTo k -v) ■ 

Thus {p v — ip ak . v is an eigenvector of 7 Z k with eigenvalue 0, and Po^Tv+Pi^Tak-v is an eigenvector 
of lZ k with eigenvalue 1 — c k for each v E Z™(0fc). Hence these eigenspaces are 2 m "Wdimensional. 

(ii) Propositions 3.1 and 4.2 imply that 

m m 

d^k,tfatfv) :,v (a y ^ P v .- j)’Ai; y ^ Pi—vjjTo-j-v 

j = 1 i =1 

m mm 

= {a 'y ^ Pvj,j) (a y ^ Pvj,j)Tv y ^ fii—vjjTcrj-v = {Zj/3 v a)( y a,'ip v ). 

3 = 1 i =1 i=i 

Note that the image of lZ k , v is spanned by ip v . Proposition 4.2 also implies that 1Z k , v Tw = 0 
for w 7 ^ v. By Proposition 3.3, they are orthogonal to p v with respect to the intersection form 
Z. □ 


Lemma 4.3. Suppose that c k 1 when we assign a complex value to it. 
PH : %C((a)(^r) W k is expressed as 


wM = 


vez^-(Ok) 


Pi,k^Pv 

(27T\/—T) m (/3 0j fc + fii,k 


-Z(<P, (^V-1p<T k -v))(Vv 


Then the projection 
~ ( Pa k -v)- 
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Proof. By Proposition 3.3, we have 

(0 r4l^o V , R M <Pw ~ ($v ~ i/>* k -v)) = S(y, w ) 

(Z7TV — 1) (Po,fc + Pi,it) 

for w G Z™(0 k ). Since 

T f l.kPo^-v) i idPv VVfc-u)) 0; 

we have 

'-^i}Pl (lAu VVfc-u)) 0 

for any element p G W 7 ^ 1 . The restriction of the expression of pry to W k is the identity, and 
that to Wjf is the zero map. □ 

Lemma 4.4. (i) The map lZ k ■ ^c(a)(Vr) y ^c(a)(^ T ) ex P resse d as 

ipi-i(l-c k )ip+ Y 

(ii) 27ie map !Z k ,v '■ ^c(a)(^ 7 ’) ^ ^ci(a)(^ T ) ex P resse d as 

—all/3 v , 

43 (W^Tp Av.i’Mv 

Proof, (i) At first, we assume that c*, 7 ^ 1 when we assign a complex value to it. The 
projection from ^™(a)(^ r ) t° ^ ie eigenspace Wjf of 1Z k with eigenvalue 1 — c k is expressed as 
ip 1 —y ip — pr fc (<p). Thus we have 

1Z k {(p) = (1 - c k )(p - pr fc (<p)) = (1 - c k )p + (/3o, fc + (3i, k )pY k (ip). 

Lemma 4.3 implies the expression. Note that this expression is valid even in the case c k = 1. 

(ii) At first, we assume E f3 v - a/ 0 for a given v G Z™ when we assign complex values to 
them. By Lemma 4.2 (ii), H k ,v is characterized as 

p 1 y (E /3 V - a)X(<p,^)X(^,'0„) -1 ^- 

By Proposition 3.3, we have 

aww = (2 wm" i ~ (s A~ a) , 

alf/A 

which gives the expression. This expression is valid even in the case E /3 V — a = 0. □ 


Theorem 4.1. Suppose that (2.2) when we assign complex values to the parameters. The 
restriction of V x to the space %c(a)(^ T ) ex P resse d as 


^(1-Cfc)— A<p + ^ 7^S=^ T((p, (^ - 'if ak . v ))— A (yp - 

fc=i fc=i^( 0i ) i 27rV ^ 

E — aH/3 v _ , .d(l—v t x) 


1 — V t x 


where p v and f) v are given in (3.1) and Proposition 3.1, respectively, Xi(3 v = 1(11=1 Aw f° r 
v = (ui,..., v m ) G Z™', and we regard d( 1 — v t x) as 0 for v — (0,..., 0). 
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Proof. By Proposition 4.2, we see that the connection Vx admits simple poles only along 
S C (IP 1 )" 1 . Thus it is expressed as 


u 


'Kk 

Xk 


£ 


1Z 


k, v 


1 — V t X 


dxk- 


Use the expressions of TZ k and 7 Z k , v in Lemma 4.4. 


□ 


By using our frame {<p v } ve z™ of we represent the connection V.y by a matrix. We 

set a column vector <P by arraying <p v ’s by the total order in Definition 2.1: 

^ = ^(o,...^), ^(lA-.o)) ^(o,i,o„..,o), • • •, <£(i,...,i))- 
Let e v (v G Z™) be the unit row vectors of size 2 m satisfying ip v = e v T>. Put 


O’ Pifd v 

J V 


_f' l Ps±e c 

Z—/ n 


3 =1 


then we have 


by Proposition 3.1. 


ipv = fv$ 


Corollary 4.2. Suppose that (2.2) when we assign complex values to the parameters. The map 
Vx is represented by the frame {<p v } V £z™ °f di m ((V T ) as 

Vx^ = A 


— 


III 7 III 7 

5^(1 - c fc )id 2 ™—■+ Y Y (Pi,kttPv)C \fv ~ fa k .v)(ev - e ak . v ) — 

.. s-*77 m, (c, \ Xk 


+ J] (-an^)C t f v f v 


d( 1 — v t x ) 
1 — v t x 


5 


vezz 1 

where id 2 ™ is the unit matrix of size 2 m and the intersection matrix C is given in Proposition 
3.3. 

Proof. We identify a row vector z = (..., z v ,...) G C(a) 2m with an element g> = z <P G 
^c(a)(Vr)' Then the intersection form is expressed as 

T{g>M = (27r\/—l) m z C 1 f v . 

Thus we have our representation E# of Vx by Theorem 4.1. □ 

We define a vector valued function F(x) — *(..., F v (x), ...) in D by 


^(o,...,o)0) = (fj 


r^ria-bi 

r(ci) 


Vj = 1 


F A (a,b,c-x), F v (x) = ( ]^[ Xj<9; j • F (0 ,..., 


i=l v l<i<m 

where F v (x) (v G Z™') are arrayed by the total order in Definition 2.1. 


-o) 


.x) 
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Corollary 4.3 (Pfaffian system of F^(a, b, c)). Suppose that (2.2) when we assign complex 
values to the parameters. The vector valued function F(x ) satisfies a Pfaffian system 

d x F(x) = (P S* P~ 1 )F(x), 

where is given in Corollary f.2 and P = ( p V w)v,wezis defined by 

Vi= 1 

II i f v '± w i 

Pvw — \ l<i<m 

0 otherwise. 

Proof. By the integral representation (2.1) of FA(a,b,c;x) and the equation (4.1), we have 

Vi = l 


FJx) = 


n --L 

/ u(t,x)( JJ X,;V 

J reg(0,l) m 


Corollary 4.1 implies 


F(x) = P 


i I ' ^(0,...,0)- 


l<i<m 


'reg(0,l) ri 


u(t, x)<P. 


Since P is a lower triangular matrix with non-zero diagonal entries, it is invertible. Hence F(x ) 
satisfies the Pfaffian system. □ 

Remark 4.1. The ( v,w)-entry of P _1 is 

Vi = l,v>i=0 , vi =1 

n Po ,*/ n (-0m) ifvhw, 

l<i<m ' 


1 <i<m 


0 otherwise. 
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